We show that the upper bound on the lightest Higgs mass in the MSSM is relaxed by introducing a singlet which couples to the Higgs fields, even at a large tan β region, preferable for explaining the muon anomalous magnetic moment. In the models of a singlet extension, it is known that the upper bound is relaxed by a tree-level contribution, especially at small tanβ region. For large tanβ, however, the requirement for the perturbativity on the singlet-Higgs coupling up to the GUT scale prevents the lightest Higgs from obtaining a large tree-level mass. We construct an explicit UV complete model which allows large singlet-Higgs coupling at low energy without disturbing the perturbativity. The UV completion can be applied for any singlet extension of the MSSM. Moreover, we point out that the radiative correction from the singlet-Higgs coupling becomes dominant, and the lightest Higgs mass can be easily as heavy as 130 GeV if this coupling is large enough even for large tanβ.
Introduction
In the minimal supersymmetric (SUSY) standard model (MSSM) [1] , the lightest Higgs boson mass cannot be heavier than the Z-boson mass at tree level. By taking account of the radiative correction, the upper bound on the Higgs mass is relaxed [2] and it can satisfy the LEP bound : m h 114.4 GeV. However, it is extremely difficult to raise the The bound on the Higgs mass is relaxed in a slight modification to the MSSM. One of the simplest possibilities is to add a singlet field (S) to the MSSM, which couples to the Higgs fields in the superpotential as
where λ is a coupling constant. This type of extension is motivated from the viewpoint of µ-problem, since if the singlet scalar S obtains a vacuum expectation value (VEV) of S ∼ TeV, it explains the origin of µ-parameter. There are variety of ways to impose symmetries such that bare µ-term is prohibited while the coupling (1) is allowed. In the Next-to-MSSM (NMSSM) [5] , a Z 3 symmetry is imposed under which all chiral MSSM fields including S has a charge 1. Then the cubic term, W = κS 3 , is also allowed and S can obtain a VEV of desired order. Another scenario is to impose a discrete R-symmetry such as Z 5R or Z 7R in order to generate a tadpole term, W = ξ F S [6, 7] . Such a model is called nMSSM. 2 There are also other choices of discrete R-symmetries which lead to more general superpotential of S [8] . It is known that the Higgs mass bound is relaxed in the singlet extensions such as NMSSM or nMSSM because the coupling (1) induces a quartic coupling of the Higgs boson at tree-level, which, in turn, contributes to the Higgs mass. A limitation of this possibility is that the coupling constant λ cannot be arbitrary 1 Another possibility is to add vector-like matters to MSSM. In the case that the vector-like matters couple to the up-type Higgs with O(1) Yukawa coupling, the radiative corrections from the vector-like matters can raise the lightest Higgs mass significantly [3, 4] . 2 The term (1) along with the MSSM Yukawa couplings preserves Peccei-Quinn (PQ) symmetry, denoted by U(1) PQ , under which the fields rotate as S → e 2iθ S, H u → e −iθ H u , H d → e −iθ H d . In order to avoid the appearance of extremely light Goldstone boson after symmetry breaking of weak scale, we need to add terms which explicitly break U(1) PQ . The cubic term or tadpole term break the U(1) PQ . large because renormalization group flow makes λ larger at higher energy scale, and it may blow up before reaching to the grand unification theory (GUT) scale. Also, the tree level contribution becomes small as tan β is increased. Thus tan β must be small in order to make the Higgs heavy.
The smallness of tan β is not preferred in the light of the muon anomalous magnetic moment (muon g − 2). The latest studies reported that there exists a deviation between the measured value of the muon g −2 [9] and the Standard Model prediction, at more than 3σ level [10, 11] . As pointed out in Ref. [12] , the deviation can be naturally explained in low-energy SUSY standard model. The leading contribution from SUSY particles to the muon g − 2 is given by,
where m µ and m SUSY denote the muon mass and the mass of SUSY particles respectively.
The contribution is proportional to tan β. Thus if we take the deviation of the muon g − 2 seriously, we need a scheme to explain the large Higgs mass with large tan β, unless sleptons, the wino and/or the bino are very light. Therefore, if we want to explain the LHC result for the Higgs mass and the muon g − 2 simultaneously, we need both large λ and tan β, which, however, violates the perturbativity of λ.
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In this paper we show that it is possible to modify the running of the λ so that the perturbativity bound is significantly relaxed. Thus the coupling constant λ can take much larger value at weak scale than usually thought. Interestingly, we show that more drastic effects on the Higgs mass appears for such a large value of λ through the radiative correction involving the neutralino and Higgs bosons, which dominates over the usual radiative correction induced by the top Yukawa, and this effect is significant for wide range of tan β. This is contrasted to the case of tree-level correction to the Higgs mass, which is efficient only for small tan β. The radiative correction in the NMSSM was calculated in the literature [14, 15] , and in particular the effect of λ in the loop corrections was discussed in [15] . However, that effect was considered to be subdominant because of the naive perturbativity bound on λ. We show that the lightest Higgs can be as heavy as 130 − 140 GeV while keeping the perturbativity up to the GUT scale, even without the large trilinear coupling of stops in this setup.
In Sec. 2 we describe phenomenological aspects of nMSSM with large λ and show that the Higgs mass can be sufficiently heavy. In Sec. 3 a UV model is constructed which allows large λ at low energy. We summarize the results in Sec. 4.
Higgs mass bound in singlet extension of the MSSM
Let us study the bound on the Higgs mass in singlet extension of the MSSM. To be concrete, we focus on a particular setup, although detailed structures of the model is not so important.
Although the NMSSM is an interesting scenario, as briefly explained in the Introduction, it has some phenomenological problems. The spontaneous breakdown of Z 3 symmetry predicts the cosmological domain wall formation. Introducing a small Z 3 breaking in order to destabilize the domain wall is not successful since it reintroduces the hierarchy problem [16] .
4
Here we consider another type of a singlet extension model, so-called nMSSM, in which a tadpole term W = ξ F S exists. The origin of the tadpole term and the magnitude of its coefficient is explained by some mechanisms [6, 7, 18] . This model does not suffer from the domain wall problem and it may be a good starting point to consider the phenomenology of a singlet extension model. Concerning the lightest Higgs mass, a situation is similar to the NMSSM, but there is a little difference. In the NMSSM, it is not so easy to obtain a large value for κ, the coefficient of the cubic term of S in the superpotential, although the model described in the next section allows the existence of this coupling. In that case, the parameter space in which we can increase the lightest Higgs boson mass may be small.
Such an additional coupling does not exist in the nMSSM and it is more easy to obtain a large lightest Higgs boson mass.
Let us consider the nMSSM as the low-energy effective theory, although the existence of cubic term ∼ κS 3 does not much affect the following discussion as long as κ is small.
The superpotential is given by
4 See, however, Ref. [17] .
where i, j = {1, 2, 3} is the generation indices and we take λ and ξ F to be real by the field redefinition of S and H u , H d . For convenience, we take λ > 0 and ξ F > 0 hereafter. The scalar potential for the Higgs sector is given by
where
. (7) Here g and g ′ are SU(2) L and U(1) Y gauge coupling constants, respectively. V soft comes from the SUSY breaking effect. In the following we assume that SUSY breaking parameters A λ , ξ S are real and there are no sources of explicit CP violation, for simplicity. We also assume m 2 S > 0. A concrete scenario of SUSY breaking is not specified here, since the following discussion does not depend on details of the SUSY breaking parameters. We can set H
. Then, if ξ S < 0 and A λ > 0, we find v S > 0 and v u > 0 to be also real and there is no spontaneous CP violation [20] . Explicitly,
In this model, the tree-level lightest Higgs mass is bounded as
where the equality is saturated when the mixing between the singlet S and Higgs boson is small. The second term in (9) is a new contribution appearing in a singlet extension.
It is clear that the correction becomes important for a large value of λ. There are studies on the upper bound on the lightest Higgs mass in such a singlet extension of the MSSM.
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Any such effort suffers from the fact that λ must be large in order to make the Higgs 5 See, e.g., [21] for a comparison of the Higgs masses in several singlet extension models.
heavy but this tends to break down the perturbativity of λ itself below the GUT scale.
It is limited as λ 0.7 at the weak scale and this restricts the effect on the Higgs mass, although the existence of extra matters may relax the bound to some extent (see e.g.,
Refs. [22, 23] ). Note that tan β cannot be large in order for the additional contribution to be significant, but it is not favored if we want to explain the muon anomalous magnetic moment by SUSY contributions.
For larger λ at the weak scale, the effect on the Higgs is more drastic. First, apparently, the contribution to the tree-level mass (9) increases. Second, more importantly, the radiative correction to the Higgs mass from the λ coupling starts to dominate over the usual top Yukawa contribution. Therefore, the light Higgs mass increases for larger λ more rapidly than the usual thought. Moreover, the radiative correction is not suppressed by 1/ tan β as opposed to the tree-level correction in (9) , hence the Higgs mass can be large as 130 − 140 GeV, with large tan β. This is welcome from the viewpoint of muon anomalous magnetic moment. In the next section we explicitly construct a UV model which allows a large value of λ without disturbing the perturbativity. For a while, we simply analyze the low-energy model with large λ.
To see how the Coleman-Weinberg (CW) effective potential [24] affects the Higgs mass we must sum up contributions from neutralino and chargino loops as well as neutral and charged Higgs boson loops [15] . The CW potential is given by
The bosonic part includes the up and down type Higgs and the singlet scalar, whose mass matrix is given by
for the CP-even scalars, and
for the CP-odd scalars. The singlino and neutral higgsino squared mass matrix is given
In the limit of large tan β, small A λ and large scalar masses, the leading contribution to the lightest Higgs mass in the presence of SUSY breaking takes the form of
where M This is clearly due to the large radiative correction explained above. In Fig. 2 , we also show contours of the lightest Higgs mass on λ-tan β plane. One can clearly see that the mass of the lightest Higgs is insensitive to tan β. Thus, we can easily explain the deviation of muon g − 2, consistently with the Higgs mass larger than 130GeV. With such a large value of λ, λ ≃ 1.2, it is difficult to keep the perturbativity up to the GUT scale.
However, as will be shown in the next section, in the setup of our UV model, even this large value of λ does not lead to the breakdown of perturbativity up to the GUT scale.
Let us briefly comment on the little hierarchy problem. In our model, the lightest Higgs mass can be raised by the radiative corrections from neutralinos and neutral 6 In these expressions we have ignored the gauge coupling dependent terms, i.e., we took the limit of small g and g ′ , since we are interested in the dominant λ correction. In this limit, mixing between singlino, higgsino and gauginos are dropped. We have checked that the effects of the mixing are rather small and can be neglected. 7 In numerical calculations, we used the complete form of V CW . On the other hand, the radiative corrections from Higgs are also important since λ is large. It is approximately given by,
where M Mess is the messenger scale. The correction to m 2 Hu is portional to λ 2 , while the corrections to the lightest CP-even Higgs mass is proportional to λ 4 (see. Eq. (14)).
Therefore when we take larger λ and small values of m 
UV completion
In this section we construct a UV complete model which allows a large λ in any singlet extension of the MSSM. For this purpose, we use strong dynamics at high energy scale.
The fat Higgs models [25] also achieve a large λ by some strong dynamics, but there is a crucial difference of our model from the fat Higgs models. In our model, all the fields (including the singlet and the Higgs fields) are elementary fields rather than composites.
This makes the calculation more reliable, and also, arbitrary superpotential of the singlet field can be introduced. The perturbative gauge coupling unification is perfectly maintained. There are also models based on warped five dimensions [26] , which have some similarity to our model. It may be interesting to investigate the relation between the four dimensional and five dimensional models in terms of the AdS/CFT duality [27] .
Basic strategy
The general singlet extension of the MSSM has the following superpotential where W S is an arbitrary superpotential for the singlet S. The renormalization group
where we denote the anomalous dimension of a chiral field Φ by γ Φ , and t is the log of the renormalization scale. In all the calculable cases, the anomalous dimension of a gauge singlet field is positive, γ S > 0. γ Hu and γ H d get negative contributions from the SU(2) L × U (1) Y interactions, but the couplings of these gauge groups are not so large.
Then, the sum γ S + γ Hu + γ H d is positive and λ becomes large as the energy scale is increased. If we demand that there is no Landau pole of λ below the GUT scale, λ is bounded from above at the electroweak scale. This conclusion seems inevitable as long as S is an elementally gauge singlet field.
However, we can obtain a large value for λ even if S is a singlet in the following way.
First, we introduce chiral matter fields, G andG, which transform as the fundamental and anti-fundamental representations of a new hidden gauge group SU(5) hid . Then we replace the above superpotential by
where W hid will be described later. The superscript "UV" in the yukawa couplings and the Higgs fields means that these are the ones in the UV theory, which will be different from the low energy ones as described below.
Next, let us suppose that the gauge group G UV SM × SU (5) hid (where
Y is the SM gauge group in the UV) is broken down to a subgroup
This symmetry breaking can be achieved by the VEV of some chiral field B which is in the bifundamental representation of SU (5) UV GUT × SU (5) 
SU (5) UV GUT Below the symmetry breaking scale, G andG transform as the fundamental and antifundamental representations of SU (5) GUT . Let us further suppose that
If G andG have supersymmetric mass terms, these fields can be integrated out. Then, at low energies, we get back to the superpotential (16) with
The important point is that the RG equation for λ UV is now given by
and γ G , γG receive negative contributions from the gauge group SU(5) hid . Thus, if SU(5) hid is strongly coupled, the sum γ S + γ G + γG can be negative and λ UV becomes larger as we flow to low energies. Therefore, we can obtain a large value for λ at the electroweak scale if the mixing parameters sin θ 1 and sin θ 2 are not too small.
The model
The matter content of the model is shown in Table 1 . We have introduced the U (1) hid gauge group in addition to the SU(5) hid . The role of U (1) hid is just to give a mass to some unwanted moduli field by the Higgs mechanism. The superpotential W hid in Eq. (18) consists of two parts,
W 1 and W 2 are given by
and
where we have defined
In the following, we pretend as if H,H are complete multiplets of SU(5) GUT .
The superpotential W 1 is introduced to give VEVs to the bifundamental fields B and B. The equations of motion of Φ and the D-potential of the gauge groups set B = B = µ · 1, up to gauge transformation. Then, SU(5) UV GUT × U (5) hid is broken down to SU(5) GUT , and the superpotential W 2 becomes
From this superpotential, Let us investigate the anomalous dimensions of the fields. For our mechanism to work, the anomalous dimension of G andG, γ G , must be large and negative. Large negative value of γ G is achieved by the dynamics of SU (5) hid . In the present model, SU(5) hid has conformal fixed points. The details of the fixed point depend on which operators in the superpotential are on the fixed point. We consider the following two cases.
9 It may be easy to generate µ and m i of the same order by replacing them with some chiral field which dynamically develops a VEV. In this paper we treat them just as free parameters of the model. Table 2 : The anomalous dimensions at the conformal fixed points. Contributions from couplings not relevant to the fixed points are neglected. At the fixed points, γG = γ G , γF = γ F and γB = γ B .
• Case 1 : The operator ξη tr Φ A BB is on the fixed point.
• Case 2 : The operators ξη tr Φ A BB and λ UV SGG are on the fixed point.
Couplings other than the ones above are assumed to be small so as not to disturb the fixed point dynamics. The reason that we take tr Φ A BB to be on the fixed point in both cases will be explained below.
The anomalous dimensions can be determined exactly at the conformal fixed point even in strongly coupled theories, by using the a-maximization technique of Ref. [28] .
The result is listed in Table 2 . In the case 1, the large negative value of γ G makes λ UV decreasing as the energy scale is increased, as explained in the previous subsection. In the case 2, the coupling λ UV itself is on the conformal fixed point, and is constant at high energies. In fact, γ S + 2γ G = 0 at the conformal fixed point. If we make a very crude "approximation" that γ S is given by the one-loop expression
then by using the value γ S = 0.705, we obtain the fixed point value of λ UV ,
In the next subsection, we will see the explicit RG flows of the couplings.
Finally, let us explain the reason why we take the operator tr Φ A BB on the conformal fixed point [29] . The fields B,B are charged under the SU (5) UV GUT gauge group, so it contributes to the running of the SM gauge couplings. Naively, B andB contribute to the β functions of the SM gauge couplings as 5 flavors of 5 +5 representations. Then we must be careful about the Landau pole of the SM gauge couplings, especially when the mass scale µ of the model is small. However, this is not correct due to the strong dynamics at the conformal fixed point. The exact β function in SUSY theory is given in general by [30] 10
where t(i) is the Dynkin index of the matter field labeled by i, t(A) is the Dynkin index of the adjoint representation, and γ i is the anomalous dimension of the matter i. From this β function, we can see that the contribution of B andB to the SM gauge coupling is not 5, but
Therefore, if γ B > 0, this contribution is effectively reduced. The anomalous dimension for a gauge non-singlet field at the conformal fixed point is typically negative. However it can become positive when the coupling with the adjoint field, tr Φ A BB, is present in the superpotential. See Ref. [29] where this mechanism is discussed in detail. 11 In the present model, we have N eff ≃ 3.5 from the Table 2 . Thus we need not worry about the Landau pole problem of the SM gauge coupling.
RG flow
The value of λ at the weak scale is obtained by solving the RG equations. We solve them in the one-loop approximation. Below the scale µ, the RG equation is the same as the usual NMSSM (see e.g. Ref. [5] ). At the scale µ, the couplings are changed as described in Eqs. (20, 22) . We approximate g a ≃ g Above the scale µ, the RG equations are given as follows. We neglect the MSSM yukawa couplings other than the top yukawa coupling y t . We omit the superscript "UV" of the couplings y and λ UV for simplicity. The superpotential W S is taken as Then, the high energy RG equations are given by
where b MSSM a is the usual MSSM contributions to the β functions, and N eff is defined in Eq. (32). In the case 1, λ (and κ) are assumed to be small. Then we have
In the case 2, γ S is the one given in Table 2 . In both cases, γ G is given Table 2 .
In Also, tan β is assumed to be large enough so that y t at the electroweak scale is almost the same as the SM value. In the figure, the jumps in the couplings λ and y t at the scale µ = 10 5 GeV is due to the change of the couplings given by Eqs. (20, 22) . In choosing the parameter cos θ 1 , one have to be careful because the Landau pole of the top yukawa y t may appear at high energies if cos θ 1 is too small 12 . From the figure, we can clearly see the mechanism discussed in subsection 3.1; that is, λ (or more precisely λ UV ) quickly decreases as the energy scale is raised above the scale µ.
In Fig. 4 , we give the value of λ at the weak scale as we change the scale µ in the case 2. The parameters cos θ 1 and cos θ 2 are taken the same as in Eq. (39), and we take the conformal fixed point value of λ as in Eq. (30) . If κ is non-zero, it quickly blows-up due to the large value of γ S , so we have set κ = 0. In the case 2, the calculation is not so reliable because of the large value of λ near the threshold scale µ. Therefore the result should be regarded only as a rough estimation. But our estimation may still be more reliable than the one in the fat Higgs models because we need not use the so-called naive dimensional analysis at all.
Summary
In this paper we have studied how the upper bound on the lightest Higgs mass is relaxed in a singlet extension of the MSSM with coupling like λSH u H d , even at a large tan β region, which is preferred to explain the measured value of the muon anomalous magnetic moment. It has been known that the coupling λ cannot take an arbitrary large value since it blows up as the energy scale is increased due to the renormalization group evolution, and this fact limits the applicability of the singlet extension for the purpose of raising the Higgs mass.
We have revisited the issue of theoretical upper bound on the Higgs mass in such a scenario, since the recent LHC data may indicate relatively heavy Higgs boson. We have explicitly constructed a UV model that avoids the blow up of the coupling constant λ and allows a large value of λ at the weak scale. We found that for such large λ the radiative correction to the Higgs mass from neutralino, and Higgs boson loops become significant and makes the dominant correction to the Higgs mass. Actually the Higgs mass can be large as 130 GeV for λ ∼ 1.2 at the weak scale without disturbing perturbativity to the GUT scale. This large radiative contribution survives at large tan β, as opposed to the tree-level correction from λ which is necessarily suppressed for large tan β. This is an appealing feature of the present model since relative large tan β is needed in order to explain the muon anomalous magnetic moment through SUSY contributions.
